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Background: The remarkable progress in recent multimessenger observations of both isolated neutron stars (NSs) and their
mergers has provided some of the much needed data to improve our understanding about the Equation of State (EOS) of
dense neutron-rich matter. Various EOSs with or without some kinds of phase transitions from hadronic to quark matter
(QM) have been widely used in many forward-modelings of NS properties. Direct comparisons of these predictions
with observational data sometimes also using χ2 minimizations have provided very useful constraints on the model
EOSs. However, it is normally difficult to perform uncertain quantifications and analyze correlations of the EOS model
parameters involved in forward-modelings especially when the available data are still very limited.
Purpose: We infer the posterior probability distribution functions (PDFs) and correlations of nine parameters characterizing
the EOS of dense neutron-rich matter encapsulating a first-order hadron-quark phase transition from the radius data of
canonical NSs reported by LIGO/VIRGO, NICER and Chandra Collaborations. We also infer the QM mass fraction and
its radius in a 1.4 M⊙ NS and predict their values in more massive NSs.
Method: Meta-modelings are used to generate both hadronic and QM EOSs in the Markov-Chain Monte Carlo sampling
process within the Bayesian statistical framework. An explicitly isospin-dependent parametric EOS for the npeµ matter
in NSs at β equilibrium is connected through the Maxwell construction to the QM EOS described by the constant speed
of sound (CSS) model of Alford, Han and Prakash.
Results: (1) The most probable values of the hadron-quark transition density ρt/ρ0 and the relative energy density jump there
∆ε/εt are ρt/ρ0 = 1.6
+1.2
−0.4 and ∆ε/εt = 0.4
+0.20
−0.15 at 68% confidence level, respectively. The corresponding probability
distribution of QM fraction in a 1.4 M⊙ NS peaks around 0.9 in a 10 km sphere. Strongly correlated to the PDFs of ρt
and ∆ε/εt, the PDF of the QM speed of sound squared c
2
QM/c
2 peaks at 0.95+0.05−0.35 , and the total probability of being less
than 1/3 is very small. (2) The correlations between PDFs of hadronic and QM EOS parameters are very weak. While
the most probable values of parameters describing the EOS of symmetric nuclear matter remain almost unchanged, the
high-density symmetry energy parameters of neutron-rich matter are significant different with or without considering the
hadron-quark phase transition.
Conclusions: The available astrophysical data considered together with all known EOS constraints from theories and terrestrial
nuclear experiments prefer the formation of a large volume of QM even in canonical NSs.
I. INTRODUCTION
Probing the Equation of State (EOS) of dense neutron-
rich matter has been a long standing and shared goal of
both astrophysics and nuclear physics. Much progress
has been made in realizing this goal using various mes-
sengers from both isolated neutron stars (NSs) and their
mergers especially since LIGO/VIRGO’s observation of
GW170817. For recent reviews, see, e.g., Refs. [1–7].
Among the many interesting questions studied in the lit-
erature, significant efforts have been devoted for a long
time to investigating whether quark matter exists in NSs,
the nature as well as where and when the hadron-quark
phase transition may happen, what its size and EOS
may be if quark matter does exist in NSs or can be cre-
ated during their mergers, see, e.g., Refs. [8–18]. Since
the earlier debate [19, 20] on whether the mass and ra-
dius of EXO 0748-676 can rule out the existence of its
quark core, despite of the great progresses made using
various astrophysical data including the latest ones from
∗Corresponding author: Bao-An.Li@tamuc.edu
LIGO/VIRGO, NICER and Chandra observations, state-
of-the-art theories and models as well as updated nuclear
physics constraints, see, e.g., Refs. [5, 21–24] and refer-
ences therein, no consensus has been reached on most
of the issues regarding the nature and EOS of dense NS
matter.
Most of the studies about the nature of hadron-quark
phase transition and the size of possible quark matter
core in NSs have been carried out by using the tradi-
tional forward-modeling approach based on various the-
ories for both the hadronic and quark phases, perhaps
except very few recent studies using Bayesian analyses,
see, e.g., Refs. [5, 24]. Often, various forms of poly-
tropes or spectrum functions are used to interpolate the
NS EOS starting slightly above the saturation density ρ0
of nuclear matter (below which reliable theoretical pre-
dictions and some experimental constraints exist) to very
high densities where predictions of perturbative QCD ex-
ist. Comparisons of model predictions with observational
data have provided very useful constraints on the model
EOSs considered. Although χ2 minimizations are some-
times used, often conclusions are strongly model depen-
dent. Moreover, it is normally difficult to perform uncer-
tain quantifications and analyze correlations of the EOS
2model parameters involved in forward-modelings espe-
cially when the available data are still very limited.
In this work, meta-modelings are used for both
hadronic and quark phases to construct very generally
the EOSs of NS matter. An explicitly isospin-dependent
EOS [25] for the npeµ matter in NS at β equilibrium
is connected through the Maxwell construction to the
constant speed of sound (CSS) quark matter EOS [26].
With totally 9 parameters in their prior ranges allowed
by general physical principles and available constraints,
the constructed NS EOS is so generic that it can es-
sentially mimic any NS EOS available in the literature.
Without restrictions and possible biases of underlying
energy density functionals of specific theories, we in-
fer the probability distribution functions (PDFs) of the
nine EOS parameters using the available NS radius data
from LIGO/VIRGO, NICER and Chandra, satisfying
the causality and dynamical stability condition within
the Bayesian statistical framework. We found that the
available astrophysical data considered together with all
known EOS constraints from theories and terrestrial nu-
clear experiments prefer the formation of a large volume
of QM even in canonical NSs.
II. THEORETICAL APPROACH
Here we summarize the major features of our approach.
In the CSS model of Alford, Han and Prakash [26] for
hybrid NSs, the pressure in NSs is parameterized as
ε(p) =
{
εHM(p) p < pt
εHM(pt) + ∆ε+ c
−2
QM(p− pt) p > pt , (1)
where εHM(p) is the hadronic matter (HM) EOS below
the hadron-quark transition pressure pt, ∆ε is the dis-
continuity in energy density ε at the transition, and cQM
is the QM speed of sound. Once the HM EOS εHM(p) is
specified, the transition pressure pt and energy density εt
are uniquely related to the hadron-quark transition den-
sity ρt. In our Bayesian analyses using the CSS model,
we use the ρt/ρ0, ∆ε/εt and c
2
QM/c
2 as three indepen-
dent parameters to be generated randomly with uniform
prior PDFs in the range of 1 to 6 (or 10 for comparison),
0.2 − 1 and 0 − 1, respectively. We thus use the CSS
model as a generic meta-model for generating the QM
EOS.
In several recent applications of the CSS model, see,
e.g., Refs. [27–30], various HM EOSs predicted by micro-
scopic nuclear many-body theories and/or phenomeno-
logical models have been used. These HM EOSs are
often restricted by the underlying energy density func-
tionals of the theories used and are usually not flexi-
ble enough in statistical analyses to explore the whole
EOS parameter space permitted by general physics prin-
ciples and known constraints as pointed out already in
Refs. [22, 31]. On equal footing as the generic QM EOS,
we use the meta-model of Ref. [25] for generating the
HM EOS. The explicitly isospin dependence of the latter
built into the EOS at the level of average nucleon en-
ergy in neutron-rich matter is an important distinction
compared to directly parameterizing the HM pressure
as a function of energy or baryon density with piece-
wise polytropes or spectrum functions. Such kinds of
parameterizations with minor variations for HM EOSs
have been widely used in both nuclear physics, see, e.g.
Refs. [32, 33] and astrophysics applications, see, e.g.,
Refs. [2, 22, 25, 31, 34–41]. For this work, we calculate
the pressure within the npeµ model for the core of NSs
using
P (ρ, δ) = ρ2
dǫHM(ρ, δ)/ρ
dρ
(2)
where the HM energy density ǫHM(ρ, δ) = ǫn(ρ, δ) +
ǫl(ρ, δ) with ǫn(ρ, δ) and ǫl(ρ, δ) being the energy den-
sities of nucleons and leptons, respectively. While the
ǫl(ρ, δ) is calculated using the noninteracting Fermi gas
model [42], the ǫn(ρ, δ) is from
ǫn(ρ, δ) = ρ[E(ρ, δ) +MN ] (3)
where MN is the average nucleon mass. The average en-
ergy per nucleon E(ρ, δ) in neutron-rich matter of isospin
asymmetry δ = (ρn − ρp)/ρ is parameterized in terms of
the energy per nucleon E0(ρ) ≡ E(ρ, δ = 0) in symmetric
nuclear matter (SNM) and the symmetry energy Esym(ρ)
as [43]
E(ρ, δ) = E0(ρ) + Esym(ρ)δ
2. (4)
The E0(ρ) and Esym(ρ) are parameterized respectively
as
E0(ρ) = E0(ρ0) +
K0
2
(
ρ− ρ0
3ρ0
)2 +
J0
6
(
ρ− ρ0
3ρ0
)3, (5)
Esym(ρ) = Esym(ρ0) + L(
ρ− ρ0
3ρ0
) +
Ksym
2
(
ρ− ρ0
3ρ0
)2
+
Jsym
6
(
ρ− ρ0
3ρ0
)3 (6)
where E0(ρ0) = −15.9 MeV [44]. Guided by our prior
knowledge from both astrophysics and nuclear physics,
see, e.g., Ref. [2] for a recent review, we generate ran-
domly with uniform prior PDFs for the six HM EOS pa-
rameters K0, J0, Esym(ρ0), L, Ksym and Jsym in their
currently known uncertain ranges: 220 ≤ K0 ≤ 260
MeV, −800 ≤ J0 ≤ 400 MeV, 28 ≤ Esym(ρ0) ≤ 36
MeV, 30 ≤ L ≤ 90 MeV, −400 ≤ Ksym ≤ 100 MeV,
and −200 ≤ Jsym ≤ 800 MeV, respectively.
The density profile of isospin asymmetry δ(ρ) in charge
neutral NSs at β equilibrium is uniquely determined by
the symmetry energy Esym(ρ). Once the δ(ρ) is deter-
mined, both the P (ρ, δ) and ǫHM(ρ, δ) become barotropic
functions of density ρ. The core EOS outlined above is
then connected smoothly to the NV EOS [45] for the in-
ner crust and the BPS EOS [46] for the outer crust using
3the crust-core transition density and pressure evaluated
consistently using a thermodynamical approach from the
core side with the same parameters given above [25].
In preparing the EOS for the entire NS, we explicitly
enforce the Seidov stability condition [8, 9, 11]
∆ε
εt
≤ 1
2
+
3
2
pt
εt
. (7)
Consequently, only a stable hybrid star branch is ex-
pected to be connected to the NS branch for a given
EOS allowing the formation of twin stars [26].
We use the standard Bayesian formalism and the
Markov-Chain Monte Carlo (MCMC) technique to eval-
uate the posterior PDFs of EOS parameters as in our
previous work where no hadron-quark phase transition
was considered but using the same HM meta-model for
the entire core of NSs [38, 39]. For easy of the follow-
ing discussions, we notice the following key inputs and
aspects of our Bayesian analyses:
• The likelihood function P [D|M(p1,2,···9)] measures
the ability of the model M with 9 parameters
p1,2,···9 to reproduce the observational data D. We
use [38, 39]
P [D|M(p1,2,···9)] = Pfilter × Pmass,max × Pradius
where the Pfilter is a filter selecting EOS parame-
ter sets satisfying the following conditions: (i) The
crust-core transition pressure always stays positive;
(ii) At all densities, the thermaldynamical stability
condition (i.e., dP/dε ≥ 0), the Seidov stability of
Eq. (7), the causality condition (i.e, the speed of
sound is always less than that of light) are satisfied.
The Pmass,max stands for the requirement that each
accepted EOS has to be stiff enough to support the
observed NS maximum mass Mmax. We present
results with Mmax=1.97 M⊙ to be consistent with
that used by the LIGO/VIRGO Collaborations in
their extraction of the NS radius from GW170817
[47]. Using 2.01 or 2.14 M⊙ forMmax has only some
minor quantitative effects.
• We use the following radii of canonical NSs as
independent data: 1) R1.4 = 11.9 ± 1.4 km ex-
tracted by the LIGO/VIRGO Collaborations from
GW170817 [47], 2) R1.4 = 10.8
+2.1
−1.6 extracted inde-
pendently also from GW170817 by De et al. [48],
3) R1.4 = 11.7
+1.1
−1.1 from earlier analysis of quies-
cent low-mass X-ray binaries observed by Chan-
dra and XMM-Newton observatories [49], and 4)
R = 12.71+1.83
−1.85 km for PSR J0030+0451 of mass
M = 1.34± 0.24 M⊙ from NICER [50]. The errors
quoted are at 90% confidence level. Correspond-
ingly, the Pradius is a product of four Gaussian func-
tions, i.e.,
Pradius =
4∏
j=1
1√
2πσobs,j
exp[− (Rth,j −Robs,j)
2
2σ2obs,j
]
where σobs,j represents the 1σ error bar of the ra-
dius from the observation j while Rth,j is the corre-
sponding theoretical prediction. More details can
be found in our previous work in Refs. [38, 39].
• In the MCMC process of sampling the posterior
PDFs of EOS parameters, we throw away the initial
100,000 burn-in steps/EOSs before the stationary
state is reached. Afterwards, we generate 1600,000
steps/EOSs to calculate the posterior PDFs and
correlations of EOS parameters. The acceptance
rate is about 15%.
We emphasize that a fundamental assumption made in
the CSS model is that once the energy density reached
in the core of NS is higher than a critical value εc =
εHM(pt)+∆ε, QM will be formed through the first-order
hadron-quark phase transition. All results presented here
thus have to be understood with this assumption in mind.
III. RESULTS AND DISCUSSIONS
A. Quark matter fraction and size in hybrid stars
Shown in the inner window of Fig. 1 are the mass-
radius sequences in selected samples with the hadron-
quark transition density ρt/ρ0 = 1.5, 3.5 and 5.5, re-
spectively, while all other parameters are fixed at the
values specified in the figure (notice in particular that
c2QM/c
2 = 1.) As expected, the stable hybrid branches
are all connected to the NS branches.
In the study of hybrid stars, a key question has been
whether the densities reached inside NSs are high enough
to form a sizeable QM core. To answer this question, we
show in the outer and middle windows the normalized
probability distribution of the QM fraction fmassQM (de-
fined as the ratio of QM mass over the total NS mass)
and the corresponding QM radius RQM, in regions where
the energy density is higher than the QM critical energy
density εc in NSs of mass 1.4, 1.6, 1.8 and 2.0 M⊙, re-
spectively, in the default Bayesian analysis with the nine
EOS parameters. It is interesting to see the two peaks
indicating the formation of twin stars. The major peaks
at fmassQM = 0 correspond to pure hadronic NSs in cases
where the εc is always higher than the maximum energy
density at the core of the NSs considered. The second
peaks around fmassQM = 0.90 ∼ 0.95 and RQM = 10 ∼ 11
km corresponds to the formation hybrid stars consist-
ing of mostly quark matter. While the probability ratio
of the two peaks is about 6.7, the total probability of
forming hybrid stars with fmassQM higher than 0.1 is 77.6%,
81.8%, 85.2% and 88.7% for M=1.4, 1.6, 1.8 and 2.0 M⊙,
respectively.
By changing the prior range of hadron-quark transition
density ρt/ρ0 from the default 1-6 to 1-10, we found very
little effect. We also found that correlations between the
HM and QM EOS parameters are very weak, thus in the
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FIG. 1: (Color online) The inner window: mass-radius sequences of selected samples with the three different hadron-quark
transition densities but all other parameters fixed at the values specified. The middle and outer windows are the normalized
probability distribution of the quark matter radius and fraction, respectively, from all accepted EOSs in the Bayesian analysis.
following we present the PDFs and correlations of quark
matter and hadronic matter EOSs separately.
B. Posterior probability distribution functions of
quark matter EOS parameters and their correlations
Shown in Fig. 2 are the posterior PDFs and correla-
tions of QM EOS parameters ρt/ρ0, ∆ε/εt and c
2
QM/c
2,
as well as the fmassQM and RQM for canonical NSs in the
default calculation. Several interesting features deserve
emphasizing:
• The most probable values of the QM EOS param-
eters are ρt/ρ0 = 1.6
+1.2
−0.4, ∆ε/εt = 0.4
+0.20
−0.15 and
c2QM/c
2 = 0.95+0.05
−0.35 at 68% confidence level. Be-
cause the transition density peaks at a rather low
density, and the energy jump at the transition is
also relatively low, the QM stiffness represented by
its c2QM value is rather high to provide the necessary
pressure in QM. Since the average baryon density
of a canonical NS with a 12 km radius is about 2ρ0,
it is thus not surprising that for canonical NSs the
PDFs of QM fraction and its radius peak around
fmassQM ≈ 0.9 and RQM ≈ 10 km, respectively.
• The total probability for c2QM/c2 ≤ 1/3 is rather
small. The considered astrophysical data informed
us clearly that the value of c2QM/c
2 in QM is likely
very high while the strength of the phase transition
measured with the energy density jump ∆ε/εt is
modest (around 0.4).
• The fmassQM , RQM and ∆ε/εt are all anti-correlated
with ρt/ρ0 as one expects. When the transition
density is low and the energy jump is weak, the
required c2QM/c
2 has an approximately equally high
probability to be between 0.5 to 1.
C. The role of the speed of sound in quark matter
Motivated by perturbative QCD predictions at ex-
tremely high densities or the casual limit, often in
forward-model predictions one sets c2QM/c
2=1/3 or 1
among other constants examined. In fact, much ef-
forts have been devoted to finding signatures/imprints
of c2QM/c
2 from/on astrophysical observables especially
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FIG. 2: (Color online) The posterior probability distribution functions and correlations of the three quark matter EOS param-
eters as well as the fraction and radius of quark matter in hybrid neutron stars.
since LIGO/VIRGO Collaborations’ recent discovery
that GW190814’s secondary component has a mass of
(2.50-2.67) M⊙, see, e.g., Ref. [51] and references therein.
While in our default Bayesian analysis we have gener-
ated c2QM/c
2 randomly with a uniform prior PDF in the
range of 0 to 1, it is interesting to compare the default
results with calculations setting c2QM/c
2 to certain con-
stants. Shown in Fig. 3 are the posterior PDFs of the
transition density (upper) and the jump of energy den-
sity there (lower) with c2QM/c
2=1/3 and 1, respectively.
While the results with c2QM/c
2 = 1 are very close to the
default ones, setting c2QM/c
2=1/3 requires a much higher
transition density and a larger energy density jump. This
is simply because the resulting very soft QM EOS can’t
support the NSs considered if the hadron-quark transi-
tion happens at too low densities. Consequently, only
very small QM fractions are allowed in the hybrid NSs.
Quantitatively, we find that with c2QM/c
2=1/3 the fmassQM
has a value of only 2.3%, 2.3%, 2.3% and 2.8% for
1.4, 1.6, 1.8 and 2.0 M⊙ NS, respectively. While with
c2QM/c
2=1 the fmassQM almost remains the same as in the
default calculation where the PDF of c2QM/c
2 peaks at
c2QM/c
2 = 0.95+0.05
−0.35 at 68% confidence level as shown in
Fig. 2.
D. Posterior probability distribution functions of
nuclear matter EOS parameters extracted with and
without considering the hadron-quark phase
transition in neutron stars
Properties of NSs have been studied extensively using
various models with or without considering the hadron-
quark phase transition in the literature for many years.
Within the framework of the present work, it is thus in-
teresting to study effects of considering the hadron-quark
phase transitions in NSs on extracting nuclear matter
EOSs using astrophysical observables. Shown in Fig. 4
are our results. Some interesting observations can be
made:
• The incompressibility K0 of symmetric nuclear
matter and the symmetry energy Esym(ρ0) at sat-
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FIG. 3: (Color online) The posterior probability distribution
functions of the hadron-quark matter transition density (up-
per) and the energy density jump at the transition (lower)
from Bayesian analyses by setting the quark matter speed of
sound squared c2QM/c
2 to 1/3 and 1, respectively.
uration density ρ0 are not affected at all. In fact,
their posterior PDFs are not much different from
their uniform prior PDFs. These are not surpris-
ing and consistent with earlier findings. While
the most probable value of J0 characterizing the
stiffness of symmetric nuclear matter at supra-
saturation densities does not change, the hadron-
quark phase transition requires more contributions
from larger J0 values as it generally softens the EOS
unless the c2QM/c
2 is close to 1.
• The L and Ksym parameters together characterize
the density dependence of nuclear symmetry energy
around (1 − 2)ρ0. They are known to have signif-
icant effects on the radii of canonical NSs in both
forward-modelings and Bayesian inferences, see,
e.g., Ref [2], for a recent review. It is seen that their
posterior PDFs shift significantly to higher values
especially for L when the hadron-quark phase is
considered. This can be well understood as the
hadron-quark phase transition reduces significantly
the pressure above ρt compared to the extension of
the hadronic pressure into higher density regions.
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FIG. 4: (Color online)The posterior probability distribution
functions of nuclear matter EOS parameters inferred from
Bayesian analyses with and without considering the hadron-
quark phase transition in neutron stars in comparison with
their uniform priors.
To reproduce the same radius data, the contribu-
tion to pressure from the symmetry energy in the
(1− 2)ρ0 density region has to increase. Thus, the
L and Ksym parameters have to be higher. Since
the Jsym characterizes the symmetry energy at den-
sities above about (2 − 3)ρ0 [35], with the PDF of
ρt/ρ0 peaks at 1.6
+1.2
−0.4 and all the QM EOS pa-
rameters are isospin-independent, the analysis con-
sidering the hadron-quark phase transition is thus
not sensitive to what one uses for the Jsym. Conse-
quently, the posterior PDF of Jsym is almost identi-
cal to its prior PDF. Therefore, the high-density be-
havior of nuclear symmetry energy extracted from
NS properties does depend on whether one con-
siders the hadron-quark phase transition or not.
Moreover, the nuclear symmetry energy loses its
physical meaning above the hadron-quark transi-
tion density.
• While the most probable values of L and Ksym ex-
tracted from the astrophysical data with and with-
out considering the hadron-quark phase transition
are significantly different, they are unfortunately all
consistent with currently known theoretical predic-
tions and findings from terrestrial nuclear experi-
ments [2, 52]. Moreover, to our best knowledge,
there is currently no terrestrial experimental con-
straint on the Jsym at all. Thus, the available con-
7straints on the nuclear EOS from terrestrial nuclear
laboratory experiments do not provide any addi-
tional preference on whether QM exists or not in
NSs.
IV. SUMMARY AND CONCLUSIONS
In summary, within the Bayesian statistical frame-
work using generic EOS parameterizations for both
the hadronic and quark matter connected through the
Maxwell construction we inferred the PDFs of EOS pa-
rameters as well as QM fraction and its size from NS
radius data from several recent observations. We found
that the available astrophysical data and all known EOS
constraints prefer the formation of a large volume of QM
even in canonical NSs. Future Bayesian inferences using
unified EOS models describing both NSs and heavy-ion
reactions with possible phase transitions from combined
multimessenger data from both fields will significantly
improve our knowledge about the EOS of super-dense
neutron-rich matter.
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